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Recently, D. Ilić and V. Rakočević [D. Ilić, V. Rakočević, Quasi-contraction on a cone
metric space, Appl. Math. Lett. (2008) doi:10.1016/j.aml.2008.08.011] proved a fixed point
theorem for quasi-contractive mappings in cone metric spaces when the underlying cone
is normal. The aim of this paper is to prove this and some related results without using the
normality condition.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Let (X, ρ) be ametric space. Amap f : X → X with the property that for some constant λ ∈ (0, 1) and for every x, y ∈ X ,
ρ(fx, fy) ≤ λ ·max{ρ(x, y), ρ(x, fx), ρ(y, fy), ρ(x, fy), ρ(y, fx)}
is called a quasi-contraction. This notion was introduced and studied by Lj. Ćirić [1] as one of the most general contractive
type mappings. A well-known Ćirić’s result is that a quasi-contraction f possesses a unique fixed point.
Huang and Zhang introduced in [2] the concept of cone metric spaces as a generalization of metric spaces. They have
replaced the real numbers (as the co-domain of a ‘‘metric’’) by an ordered Banach space. The authors described there the
convergence in cone metric spaces and introduced their completeness. Then they proved some fixed point theorems for
contractive mappings on cone metric spaces. Recently, in [3–5] some common fixed point theorems were proved for maps
on cone metric spaces. However, in [3,2,4,6] the authors usually use the normality property of cones in their results. In this
paper we shall obtain our results without using this assumption.
Consistent with [2], the following definitions and results will be needed in the sequel.
Let E be a real Banach space. A subset P of E is called a cone if:
(i) P is closed, nonempty and P 6= {0};
(ii) a, b ∈ R, a, b ≥ 0, and x, y ∈ P imply ax+ by ∈ P;
(iii) P ∩ (−P) = {0}.
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Given a cone P ⊂ E, we define the partial ordering ≤ with respect to P by x ≤ y if and only if y− x ∈ P . We shall write
x < y to indicate that x ≤ y but x 6= y, while x ywill stand for y− x ∈ int P (interior of P).
There exist two kinds of cones: normal and non-normal ones.
The cone P in a real Banach space E is called normal if
inf{‖x+ y‖ : x, y ∈ P and ‖x‖ = ‖y‖ = 1} > 0 (1.1)
or, equivalently, if there is a number K > 0 such that for all x, y ∈ P ,
0 ≤ x ≤ y implies ‖x‖ ≤ K ‖y‖ . (1.2)
The least positive number satisfying (1.2) is called the normal constant of P . It is clear that K ≥ 1.
It is not hard to conclude from (1.1) that P is a non-normal cone if and only if there exist sequences un, vn ∈ P such that
0 ≤ un ≤ un + vn, un + vn → 0 but un 9 0.
Hence, in this case, the Sandwich theorem does not hold.
Example 1.1 ([7]). Let E = C1[0, 1]with ‖x‖ = ‖x‖∞ +
∥∥x′∥∥∞ on P = {x ∈ E : x(t) ≥ 0 on [0, 1]}. This cone is not normal.
Consider, for example, xn(t) = 1−sin ntn+2 and yn(t) = 1+sin ntn+2 . Since, ‖xn‖ = ‖yn‖ = 1 and ‖xn + yn‖ = 2n+2 → 0, it follows
by (1.1) that P is non-normal.
Definition 1.2 ([2]). Let X be a nonempty set, and let P be a cone on a real ordered Banach space E. Suppose that themapping
d : X × X → E satisfies:
(d1) 0 ≤ d(x, y) for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d2) d(x, y) = d(y, x) for all x, y ∈ X;
(d3) d(x, y) ≤ d(x, z)+ d(z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X and (X, d) is called a cone metric space.
The concept of a cone metric space is more general than that of a metric space (see [2, Example 1] and [5, Examples 1.2
and 2.2]).
Let {xn} be a sequence in X , and x ∈ X . If for every c in E with 0  c , there is n0 such that for all n > n0, d(xn, x)  c ,
then it is said that {xn} converges to x, and we denote this by limn→∞ xn = x, or xn → x, n → ∞. If for every c in E with
0  c , there is n0 such that for all n,m > n0, d(xn, xm)  c , then {xn} is called a Cauchy sequence in X . If every Cauchy
sequence is convergent in X , then X is called a complete cone metric space.
Let us recall [2] that if P is a normal cone then xn ∈ X converges to x ∈ X if and only if d(xn, x) → 0, n → ∞. Further,
xn ∈ X is a Cauchy sequence if and only if d(xn, xm)→ 0, n,m→∞.
Let (X, d) be a cone metric space. Then the following properties are often used (in particular when dealing with cone
metric spaces in which the cone need not be normal):
(p1) If u ≤ v and v  w then u w.
(p2) If 0 ≤ u c for each c ∈ int P then u = 0.
(p3) If a ≤ b+ c for each c ∈ int P then a ≤ b.
(p4) If 0 ≤ x ≤ y, and a ≥ 0, then 0 ≤ ax ≤ ay.
(p5) If 0 ≤ xn ≤ yn for each n ∈ N, and limn→∞ xn = x, limn→∞ yn = y, then 0 ≤ x ≤ y.
(p6) If 0 ≤ d(xn, x) ≤ bn and bn → 0, then xn → x.
(p7) If E is a real Banach space with a cone P and if a ≤ λa, where a ∈ P and 0 < λ < 1, then a = 0.
(p8) If c ∈ int P , 0 ≤ an and an → 0, then there exists n0 such that for all n > n0 we have an  c.
From (p8) it follows that the sequence {xn} converges to x ∈ X if d(xn, x)→ 0 as n→∞ and {xn} is a Cauchy sequence
if d(xn, xm)→ 0 as n,m→∞. In the situation with a non-normal cone we have only one part of Lemmas 1 and 4 from [2].
Also, in this case the fact that d(xn, yn)→ d(x, y) if xn → x and yn → y is not applicable.
Nowwe recall the definition of quasi-contractions on cone metric spaces from [6]. Such mappings are generalizations of
Ćirić’s quasi-contractions.
Definition 1.3 ([6]). Let (X, d) be a cone metric space. A map f : X → X such that for some constant λ ∈ (0, 1) and for
every x, y ∈ X , there exists
u ∈ C(f , x, y) = {d(x, y), d(x, fx), d(y, fy), d(x, fy), d(y, fx)},
such that
d(fx, fy) ≤ λ · u, (1.3)
is called a quasi-contraction.
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It was proved in [6], using normality of the cone, that each quasi-contraction f on a conemetric space (X, d) has a unique
fixed point, say p, and that for each x ∈ X the sequence {f nx} of Picard iterations converges to the point p. This generalized
the mentioned Ćirić’s result from metric to cone metric spaces.
The proof used the fact that the normality of the cone implies that the orbit of the quasi-contraction f at each point x ∈ X ,
i.e., the set Of (x;∞) = {x, fx, f 2x, . . .} = {f nx : n = 0, 1, 2, . . .}, has a finite diameter. Here, the diameter of a set A ⊂ X in
the cone metric is defined as diam A = sup{‖d(a, b)‖ : a, b ∈ A}.
The aim of this paper is to prove this and some related results without using the normality condition.
2. Quasi-contractions on a space with a non-normal cone
Our first result is the following lemma which will be used in the sequel (its proof does not use the assumption of the
normality of the cone).
Lemma 2.1. If for some point x of a cone metric space (X, d) the sequence {f nx} of Picard iterations of a quasi-contraction
f : X → X converges to a point p ∈ X, then p is its fixed point.
Proof. Using the triangle inequality and the definition of a quasi-contraction, we obtain
d(p, fp) ≤ d(p, f n+1x)+ d(f n+1x, fp)
= d(p, f n+1x)+ d(ff nx, fp)
≤ d(p, f n+1x)+ λ · un(x, p),
where
un(x, p) ∈ {d(f nx, p), d(f nx, f n+1x), d(f nx, fp), d(p, f n+1x), d(p, fp)}.
Let 0 c . Clearly at least one of the following five cases holds for infinitely many n ∈ N.
(1) d(p, fp) ≤ d(p, f n+1x)+ λd(f nx, p) c2 + λ c2λ = c;
(2) d(p, fp) ≤ d(p, f n+1x)+ λd(f nx, f n+1x) ≤ d(p, f n+1x)+ λd(f nx, p)+ λd(p, f n+1x) (1+ λ) c2(1+λ) + λ c2λ = c;
(3) d(p, fp) ≤ d(p, f n+1x) + λd(f nx, fp) ≤ d(p, f n+1x) + λd(f nx, p) + λd(p, fp) ⇒ d(p, fp) ≤ 11−λd(p, f n+1x)
+ λ1−λd(f nx, p) 11−λ c2 11−λ +
λ
1−λ
c
2 λ1−λ
= c;
(4) d(p, fp) ≤ d(p, f n+1x)+ λd(p, f n+1x) (1+ λ) c1+λ = c;
(5) d(p, fp) ≤ d(p, f n+1x)+ λd(p, fp)⇒ d(p, fp) ≤ 11−λd(p, f n+1x) 11−λ c1
1−λ
= c .
We have obtained that in all cases d(p, fp) c for each interior point c of the cone P . By (p2), it follows that d(p, fp) = 0,
i.e., fp = p. 
If λ ∈ (0, 12 ) and if int P 6= ∅, the following theorem generalizes (for these values of λ) the results from [1], [2, Theorem
1] and [6, Theorem 2.1], because in the case of a non-normal cone these results cannot be proved in the way it was done
there.
Theorem 2.2. Let (X, d) be a complete cone metric space and P be a cone with int P 6= ∅. Suppose the mapping f : X → X is a
quasi-contraction with λ ∈ (0, 12 ). Then f has a unique fixed point in X and for any x ∈ X, the iterative sequence {f nx} converges
to the fixed point.
Proof. Let x ∈ X be arbitrary. We shall show that {f nx} is a Cauchy sequence. First we prove that
d(f nx, f n−1x) ≤ λ
1− λ · d(f
n−1x, f n−2x), n ≥ 2. (2.1)
Indeed, d(f nx, f n−1x) = d(ff n−1x, ff n−2x) ≤ λ · un(x)where
un(x) ∈ {d(f n−1x, f n−2x), d(f n−1x, f n−1x), d(f n−1x, f nx), d(f n−2x, f nx), d(f n−2x, f n−1x)}
= {0, d(f n−1x, f n−2x), d(f nx, f n−1x), d(f nx, f n−2x)}.
Clearly at least one of the following four cases holds for infinitely many n ∈ N.
(1) If d(f nx, f n−1x) ≤ λ · 0 = 0 ≤ λd(f n−1x, f n−2x), so (2.1) holds.
(2) If d(f nx, f n−1x) ≤ λ · d(f n−1x, f n−2x), and (2.1) it is clear.
(3) If d(f nx, f n−1x) ≤ λ · d(f nx, f n−1x)⇒ d(f nx, f n−1x) = 0, so (2.1) holds.
(4) If d(f nx, f n−1x) ≤ λd(f nx, f n−2x) ≤ λd(f nx, f n−1x) + λd(f n−1x, f n−2x) ⇒ d(f nx, f n−1x) ≤ λ1−λd(f n−1x, f n−2x)
= hd(f n−1x, f n−2x), h = λ1−λ ∈ (0, 1).
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Hence, in all the possible cases it follows that (2.1) holds, and so also
d(f nx, f n−1x) ≤ max
{
λ,
λ
1− λ
}
d(f n−1x, f n−2x) = λ
1− λd(f
n−1x, f n−2x). (2.2)
Now, from (2.1) and (2.2) we have
d(f nx, f n−1x) ≤ λd(f n−1x, f n−2x) ≤ · · · ≤ λn−1d(fx, x). (2.3)
According to the triangle inequality and (2.3) we get that for n > m:
d(f nx, f mx) ≤ d(f nx, f n−1x)+ d(f n−1x, f n−2x)+ · · · + d(f m+1x, f mx)
≤ (λn−1 + λn−2 + · · · + λm)d(fx, x)
= λm 1− λ
n−m−1
1− λ d(fx, x) ≤
λm
1− λd(fx, x)→ 0, asm→∞.
Since λ
m
1−λd(fx, x)→ 0 asm, n→∞ it follows that λ
m
1−λd(fx, x) c wherefrom (by (p1)) d(f nx, f mx) c for each c ∈ int P .
We have proved that the sequence {f nx} is a Cauchy sequence for the fixed x ∈ X . Since the space (X, d) is complete,
there exists a point p ∈ X which is the limit of this sequence. Using Lemma 2.1 we conclude that p is the fixed point of the
quasi-contraction f . 
The following theorem gives a proper generalization of a result from [6], since Example 2.4 given below shows that there
exists a cone metric space with a non-normal cone and a point in it with a bounded orbit. The orbit of a point x ∈ X with
respect to a map f : X → X will be denoted as Of (x;∞) = {f kx : k = 0, 1, 2, . . .}.
Theorem 2.3. Let (X, d) be a complete cone metric space and f : X → X be a quasi-contraction, such that there exists a point
x ∈ X having a bounded orbit with respect to f . Then f has a unique fixed point.
Proof. Let x ∈ X be the point with a bounded orbit with respect to f , i.e., the set Of (x;∞) has a finite diameter M . This
means that
sup
0≤i,j<+∞
{∥∥d(f ix, f jx)∥∥} = M < +∞.
This implies (using the definition of a quasi-contraction, see [6]), that for this point x and for each n ∈ N, it is
d(f nx, f n−1x) ≤ λn−1 · s(n−1)n,n−1(x), (2.4)
where s(n−1)n,n−1(x) ∈
⋃n−1
j=0
⋃n
i=j+1{f n−jx, f n−ix} ⊂ Of (x;∞).
Now the triangle inequality and (2.4) imply that
d(f nx, f mx) ≤ d(f nx, f n+1x)+ d(f n+1x, f n+2x)+ · · · + d(f m−1x, f mx)
≤ λn · s(n)n+1,n(x)+ λn+1 · s(n+1)n+2,n+1(x)+ · · · + λm−1 · s(m−1)m,m−1(x)
= λn(s(n)n+1,n(x)+ λ · s(n+1)n+2,n+1(x)+ · · · + λm−n−1 · s(m−1)m,m−1(x))
= λnun,m(λ).
We have that the sequence un,m(λ) satisfies∥∥un,m(λ)∥∥ ≤ (1+ λ+ · · · + λm−n−1) · diam Of (x;∞)
= 1− λ
m−n
1− λ · diamOf (x;∞) <
M
1− λ .
Since the sequence un,m(λ) is normboundedwith M1−λ (λ is a fixed constant from the interval (0, 1)), it follows that the vector
sequence λnun,m(λ) converges to 0 in the norm of the space E, when n→∞. Hence, using (p1) and (p2), d(f nx, f mx)  c
when n,m → ∞. This means, by the definition, that the sequence {f nx} of Picard iterations is a Cauchy sequence, hence
convergent to a certain point p ∈ X . It follows from Lemma 2.1 that p is the fixed point of the quasi-contraction f . 
Example 2.4. This example verifies that Theorem 2.3 is a proper generalization of [6, Theorem 2.1].
Let X = R, E = C1R[0, 1] and P = {f ∈ E : f ≥ 0} as in Example 1.1. Define d : X × X → E by d(x, y) = |x− y|ϕ where
ϕ : [0, 1] → R such that ϕ(t) = et . It is easy to see that d is a cone metric on X . Consider the mapping f : X → X defined
by fx = αx, α ∈ (0, 1). The mapping f is a contraction, hence also a quasi-contraction, and it has a bounded orbit. Really,
Of (x;∞) = {x, αx, α2x, . . .} and so for i ≥ j,∥∥d(f ix, f jx)∥∥E = max0≤t≤1 ∣∣αix− αjx∣∣ et + max0≤t≤1 ∣∣αix− αjx∣∣ et
= 2e |x| ∣∣αi − αj∣∣ < 4e |x| < +∞
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i.e., the diameter of the orbit Of (x;∞) is finite. Hence, f satisfies the conditions of Theorem 2.3 and it has a fixed point.
This is an example where each point has a bounded orbit (which is more than necessary for the conclusion in
Theorem 2.3). On the other hand, we know (see Example 1.1) that the cone P is not normal. So, in this case it is not possible
to apply Theorem 2.1 from [6].
3. Continuity and periodic points
The next two results are generalizations of the corresponding results on metric spaces. Both will be deduced without
using normality of the cone. It is known from [1] that a quasi-contraction need not be continuous in general, but it is always
continuous at a fixed point. In the ‘‘cone’’-case the situation is similar.
Theorem 3.1. Each quasi-contraction on a cone metric space is continuous at its fixed point, provided only that the underlying
cone P has the non-empty interior.
Proof. Let p be (the unique) fixed point of a quasi-contraction f : X → X and let xn → p, where {xn} is a sequence of points
from the given cone metric space (X, d). We shall prove that fxn → fp = p.
We have
d(fxn, fp) ≤ λ · u(xn, p),
where
u(xn, p) ∈ {d(xn, p), d(xn, fxn), d(xn, fp), d(p, fxn), d(p, fp)}
= {d(xn, p), d(xn, fxn), d(xn, p), d(p, fxn), d(p, p)}
= {0, d(xn, p), d(xn, fxn), d(p, fxn)}.
Similarly as in the previous proofs of this kind, we have to consider the following cases:
(1) d(fxn, fp) ≤ λ · 0 = 0⇒ fxn = fp⇒ fxn → fp = p;
(2) d(fxn, fp) ≤ λ · d(xn, p) λ cλ = c;
(3) d(fxn, fp) ≤ λ · d(xn, fxn) ≤ λ · d(xn, p)+ λ · d(p, fxn)⇒ d(fxn, fp) ≤ λ1−λ · d(xn, p) λ1−λ cλ
1−λ
= c;
(4) d(fxn, fp) ≤ λ · d(fxn, p) = λ · d(fxn, fp)⇒ d(fxn, fp) = 0⇒ fxn → fp = p. 
Denote, as usual, by F(f ) the set of fixed points of the mapping f : X → X . It is said that the map f has the property P if
F(f ) = F(f n) for each n ∈ N, i.e., if it has no periodic points.
Theorem 3.2. Let (X, d) be a cone metric space and f : X → X a quasi-contraction with the constant λ ∈ (0, 12 ). Then f has
the property P.
In order to prove this theorem, we give first a more general result, which is a version proved for metric spaces in [8] (see
also [9]).
Lemma 3.3. Let (X, d) be a cone metric space and f : X → X a quasi-contraction with the constant λ ∈ (0, 12 ). If x ∈ X is such
that x 6= fx then it is d(f 2x, fx) < d(fx, x).
Proof. Let x ∈ X and let x 6= fx. Then
d(f 2x, fx) = d(ffx, fx) ≤ λ · u(x),
where
u(x) ∈ {d(fx, x), d(fx, f 2x), d(fx, fx), d(x, fx), d(x, f 2x)}
= {0, d(fx, x), d(fx, f 2x), d(x, f 2x)}.
We have now the following possibilities.
(1) d(f 2x, fx) ≤ λ · 0 = 0 < d(fx, x) because x 6= fx;
(2) d(f 2x, fx) ≤ λ · d(fx, x) < d(fx, x) because λ ∈ (0, 1) and x 6= fx;
(3) d(f 2x, fx) ≤ λ · d(fx, f 2x)⇒ d(fx, f 2x) = 0 < d(fx, x) because x 6= fx;
(4) d(f 2x, fx) ≤ λ ·d(x, f 2x) ≤ λd(x, fx)+λd(fx, f 2x)⇒ d(fx, f 2x) ≤ λ1−λd(x, fx) < d(fx, x) because λ1−λ < 1⇔ λ ∈ (0, 12 )
and x 6= fx. 
Proof of Theorem 3.2. Theorem 2.2 implies that F(f ) 6= ∅. Since, for each n ∈ N, F(f ) ⊂ F(f n) is always valid, only the
reverse inclusion has to be proved. So, let u ∈ F(f n), and suppose, to the contrary, that u 6= fu. We have, by Lemma 3.3, that
d(fu, u) = d(f n+1u, f nu) = d(f 2f n−1u, ff n−1u) < d(ff n−1u, f n−1u)
= d(f nu, f n−1u) < · · · < d(fu, u).
A contradiction!
Thus, each quasi-contraction f has the property P if λ ∈ (0, 12 ). 
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